Abstract. We consider a disordered graphene layer with anisotropic Rashba spin-orbit coupling subjected to a longitudinal electric field. Using the linear response theory we calculate current-induced spin polarization including in-plane normal and parallel components with respect to the electric field direction. Unlike the case of isotropic Rashba spin-orbit where the normal component of spin polarization is linear in terms of Fermi energy around the Dirac point, anisotropic Rashba spin-orbit can result in non-linear dependence of this component at such energies within the Lifshitz points. Furthermore, we show that anisotropic Rashba interaction allows for tuning the direction of spin polarization from perpendicular direction to the parallel one such that for certain values of Rashba parameters the magnitudes of both components can also be quenched. The effect of carriers scattering on randomly distributed non-magnetic disorders is also taken into account by calculating vertex correction. This results in modification of spin polarization components depending on the relative strength of Rashba parameters.
Introduction
Manipulation of spin degree of freedom by means of an externally applied electric field [1, 2, 3] is one of the exciting phenomena in the field of spintronics. It also has attracted a great interest from both theoretical [4] and practical [5] aspects. To manipulate the electron spin, spin-orbit interaction, which couples an electron spin to its momentum [6] , plays a key factor [7] , in addition to the some other effects [8, 9] . Various effects have been predicted and identified so far to generate spin-orbit interaction depending on the type and structure of materials [10] . For instance, Rashba [11] and Dresselhaus [12] spin-orbit interactions, respectively, arise from bulk inversion asymmetry and structural inversion asymmetry. Whereas some specific features of material may give rise to intrinsic spin-orbit coupling.
Beside silicon-based compounds, one of the promising candidates for future electronic devices is two-dimensional allotrope of carbon atoms arranged in hexagonal lattice which is known as graphene [13] . Despite smallness of spin-orbit interaction [14] in pristine graphene, recently, intensive efforts have been done to enhance this effect in graphene [15, 16, 17, 18] . Very recently, it has been observed experimentally that in graphene grown by chemical vapour deposition on copper [19] and on Ir(111) substrate with intercalated Pt monolayer [20] , anisotropic Rashba spin-orbit coupling can be induced through proximity effect. This opens up new prospects for many potential applications. In this regards, to control charge and spin of carriers, the interaction of spin-orbit-coupled graphene layer with externally applied fields can exhibit some spectacular characteristics [21, 22] .
The presence of an electric current along with spin-orbit coupling can induce a non-zero average spin polarization in charge carriers when flowing through a nonmagnetic system. This current-induced spin polarization, which is very distinct from spin Hall effect [1, 2, 3, 23] , is known as Edelstein [24] or inverse spin-galvanic effect [25, 26, 27] . Edelstein effect results from asymmetric spin relaxation processes [1, 2, 3, 24, 25, 26, 27] . The current-induced spin polarization has a polarization vector whose orientation is dependent on the point group symmetry of structure and the relative strengths of the structure and bulk inversion asymmetries [28, 29] .
In the previous studies, electronic transport through homogeneous [30, 31, 32, 33, 34] and inhomogeneous [35, 36, 37] Rashba spin-orbit region in graphene has been discussed. Also, the study of current-induced spin polarization in various systems including electron and hole carriers has been performed by some previous works theoretically [8, 29, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47] and experimentally [5, 48, 49, 50, 51] , (see also, e.g., Ref. [25, 26, 27] and references therein). But it is still interesting to investigate the Edelstein effect in materials with unique features such as hybrid heterostructures [52, 53] , carbon nanotubes [54] , and topological insulators [55, 56, 57, 58, 59, 60] . In addition, supercurrent-induced spin polarization in superconducting heterostructures comprised of conventional materials [61, 62, 63] and topological insulators [64] has been demonstrated.
Recently, the properties of spin-polarized current via electric field [65, 66] and photoinduced spin-current [67, 68] have been considered in graphene layer with isotropic Rashba spin-orbit interaction. In the former case, it has also been shown the coupling between charge current and spin polarization due to adatom impurities [69] . Furthermore, the effect of anisotropic Rashba spin-orbit interaction on currentinduced spin polarization in conventional material has been revealed theoretically [70] and experimentally [71] . Also, it was pointed out that, within the Boltzmann equation approach, the effects of Rashba anisotropy [72] can strongly modify the spin Hall angle in graphene [73] .
In graphene, however, the effect of anisotropic Rashba spin-orbit coupling on the current-induced spin polarization lacks a detailed study. Contrary to traditional two-dimensional materials, in graphene, Rashba Hamiltonian is momentum independent at low energies stemming from triangular symmetry of the lattice structure. Correspondingly, spin degeneracy can be lifted by coupling between spin and pseudospin. So, anisotropic Rashba spin-orbit coupling, having different weights of Rashba parameters, may provide exciting features, such as unusual asymmetric spin relaxation. It would be interesting if anisotropic Rashba spin-orbit coupling could be served as a practical tool for manipulating both magnitude and direction of spin polarization efficiently which is absent in the isotropic case.
In this paper, we address the properties of current-induced spin polarization in a graphene layer focusing on the role of anisotropic Rashba spin-orbit interaction. In the present case, similar to the case of two-dimensional electron gas [70] anisotropic Rashba coupling provides Lifshitz points in the conduction and valance bands which are located at K points of the Brillouin zone. Using Green's function method and linear response theory we argue that the in-plane spin-polarized current, in addition to the spin polarization normal to current direction, has a component along the current direction. Furthermore, we find that the spin polarization perpendicular to the current at low energies, within Lifshitz points, reveals a non-linear behavior as a function of chemical potential which is in contrast to the isotropic case [65] . Vertex correction, owing to scattering on non-magnetic disorders, is also incorporated. Depending on the strengths of Rashba spin-orbit parameters in different directions, vertex correction affects the strength of scattered spin components differently.
The outline of the paper is as follows. In Sec. 2, we introduce the model of Hamiltonian with anisotropic Rashba coupling and present the theory of currentinduced spin polarization in the linear response regime. In Sec. 3, we present the results of spin polarization obtained from analytical derivation, and explain the observed results by numerics. In Sec. 4, disorder scattering effect on current-induced spin polarization is investigated by including vertex correction. Finally, concluding remarks are discussed in Sec. 5.
Model and Theory
We consider a graphene layer on a substrate with impurities, which induces anisotropic Rashba coupling in graphene. The resulting disorder potentials are assumed to be smooth enough as compared with the atomic scale of graphene so that intervalley scattering can be ignored. Thus, we will restrict ourself to the single valley picture and incorporate the effect of disorders via vertex correction. The low energy excitation of electrons in graphene including anisotropic Rashba interaction is well described by the Hamiltonian [72, 73] 
where the first term is two-dimensional Dirac Hamiltonian, the last two terms are anisotropic Rashba Hamiltonian, v f is the Fermi velocity, λ 1,2 are the strengths of Rashba coupling. Also, σ and τ are the Pauli vectors acting on the spin and pseudospin degrees of freedom, respectively. σ 0 is a unit matrix in the spin space. For convenience, hereafter we choose the lattice constant a = 1 as the length unit and v f = 1 as the energy unit. Due to the reduced orthorhombic symmetry of the graphene, the two terms of Rashba coupling have different weight, originating from the breakdown of both mirror and sixfold rotation symmetry. Here, we have assumed that Rashba coupling strengths are position-independent and also the effect of intrinsic spin-orbit coupling is negligible. The eigenvalues can be easily obtained by diagonalazaing the model Hamiltonian (1) which are given by,
where
Clearly, one may expect that the band spectra are anisotropic because of anisotropic Rashba spin-orbit coupling. In Fig. 1 (a), the energy band structure of the system is presented along k x and k y . For |k| ≪ 1, while both upper conduction and lower valance bands are isotropic, the other two bands are anisotropic. But away from Dirac point, almost same band anisotropy appears for all the bands. Unlike the energy spectrum of graphene with isotropic Rashba spin-orbit coupling, band inversion takes place in the lowest-energy conduction band and highest-energy valence band so that these bands are degenerate at two points ± λ 2 2 − λ 2 1 , located symmetrically around the K point along the k y for |λ 2 | > |λ 1 |. For opposite case, i.e., |λ 2 | < |λ 1 |, the two degenerate points take place at ± λ 2 1 − λ 2 2 in the k x direction. The band inversion due to anisotropic spin orbit coupling leads to changing of Fermi line topology from a closed curve to two disconnected closed curves resulting in a Lifshitz transition [74] as shown in Fig. 1(b) . The Lifshitz transition point comprising of a single Van Hove singularity occurs at energies
where + (−) indicates the Lifshitz point in the conduction (valance) band. The expectation value of electron spin Ŝ , exhibiting the spin orientation, for conduction bands E 1 and E 2 are
where the unit vectork x(y) is along the k x(y) direction. Here, for the case of graphene we have definedŜ
where τ 0 is a unit matrix in the pseudospin space. Equation (5) indicates that similarly as conventional Rashba spin-orbit interaction, the magnitudes and orientations of the expectation values of electron spin respectively are identical and opposite in bands E 1 and E 2 . Moreover, the plane E = 0 acts as a mirror for the electron spin orientation in the valance bands. From Eq. (5), on the other hand, one can see that the spin alignment is not always perpendicular to the direction of k which is in contrast to the conventional Rashba spin-orbit coupling case. The orientation of spin states for the lowest conduction band is represented in Fig. 2 (a) . The states with energies below the Lifshitz point are shown in blue (dark) region, while those for which white area is attributed have energies larger than the Lifshitz point energy. Also, the magnitude of spin expectation value, | Ŝ |, saturates at large k but it is not isotropic, as shown in Fig. 2 (b) . The saturation is achieved faster along a direction where the band inversion occurs. These features affect spin polarization imposed by external electric field as will be discussed below. According to the linear response theory, the response of electron spin polarization S to externally applied electric field E is defined as,
where χ αβ is the electric spin susceptibility. By taking into account vertex correction [24, 75] , χ αβ can be calculated by Kubo formula [76] ,
is the retarded (advanced) Green's function associated with Eq. (1), f (E) is the Fermi distribution function, v β = (∂H/∂k β )/ is the velocity matrix along the β-th axis, and the bracket · · · c represents the ensemble averaging over impurity configuration. T r means trace over pseudospin and spin spaces. In the ladder approximation, which is valid for low-density Fermi system, Eq. (8) for χ αβ at zero temperature can be written as
where µ is the chemical potential measured from Dirac point and the spin-vertex functionS α satisfies the self-consistent equation [76] 
where n imp is the impurity density. V 0 is the strength of scattering potential of identical pointlike impurities distributed randomly in the form
Here, we have assumed that the scattering potential conserves both the spin and pseudospin states in the scattering process. This assumption implies that nonmagnetic impurities are distributed equally on two different sublattices. Choosing the electric 
field to be along the y direction and using the Green's function based on Eq. (1), we find that non-zero electric spin susceptibilities without vertex correction are,
with
and
where θ = arctan(k y /k x ), k = k 2 x + k 2 y and dimensionless relaxation rate Γ = −ImΣ 0 = a 2v f τ with Σ 0 and τ being self-energy and momentum-relaxation time, respectively. The imaginary part of self-energy originating from scattering of quasiparticles on the pointlike impurities is given by [77] 
where n = 1, 2, 3 and 4 are the band index. Equation (15) implies that the quantities µ, n imp V 2 0 , and Γ's are related to each other so that by specifying two of them the third one will be determined. Using full band structure of graphene [13] and ignoring trigonal warping effect, we evaluate numerically the summation of Eq. (15) in the first Brillouin zone at low energies. In Fig. 3 the dependence of Γ's on µ is depicted for λ 2 = 2λ 1 = 2 × 10 −2 . The relaxation rate Γ 1 = Γ 4 and Γ 2 = Γ 3 , which results from particle-hole symmetry of the system Hamiltonian. For |µ| ≪ λ 1 , λ 2 the values of Γ 2,3 increase non-linearly but Γ 1,4 acquire vanishingly small values, while for |µ| ≫ λ 1 , λ 2 all the Γ's increase linearly. There are states at which the diagrams of Γ 2,3 exhibit sharp peaks representing Lifshitz points.
In obtaining the results (12), for concreteness, we have treated Γ's as identical quantities. For Γ's, in our numerical considerations, we take the average value Γ = 10 −4 , unless otherwise stated. Notice that the real parts of self-energy renormalize the chemical potential and the Rashba parameters that can be ignored in the dilute impurity limit. Moreover, we have taken into account impurities effect within the Born approximation by including a finite time for relaxation of the quasiparticles and vertex corrections. The vertex corrections will be analyzed in Sec. 4 .
It is worthwhile mentioning that only when λ 1 = λ 2 due to anisotropy of E n 's, the integration over θ does not vanish in χ yy . This behavior is different from that of usual two-dimensional cases [24, 65] , where the in-plane polarization vector is perpendicular to the electric current. As a consequence, the spin polarization has not only perpendicular component but also parallel one with respect to the direction of electric current. The existence of spin polarization along the current direction can be traced back to the particular electron spin texture [see Eq. (5)] in which the spin direction is not perpendicular to the momentum at some states. On the contrary, if λ 1 = λ 2 our results coincide with those reported in the previous studies [65] . Furthermore, from Eqs. (13) and (14) it can be seen that λ 2 and λ 1 have a direct impact on spin polarizations in the x and y directions, respectively, in our chosen basis for the spin space of Rashba Hamiltonian of Eq. (1).
Analytical and Numerical results
In this section, we analyze the effect of anisotropic Rashba spin-orbit coupling on current-induced spin polarization by making further analytical progress in some limiting cases and numerical calculation. For anisotropic Rashba couplings one can write the strengths of Rashba parameters as λ 1,2 = λ ± δλ in terms of mean value λ and their deviation δλ from isotropic case. For small anisotropy, i.e., |δλ| ≪ 1, up to the linear terms in δλ, for χ xy the following analytical relation is obtained by using Cauchy's residue theorem,
for the case |µ| < 2λ and,
for the case |µ| > 2λ. Here the upper (lower) sign is for µ > 0 (µ < 0). Note also that Eqs. (16) and (17) have been derived in the limit of Γ → 0. For |µ| ≪ λ, we find
indicating that spin susceptibility χ xy increases linearly as a function of µ similarly as isotropic Rashba coupling case in graphene. But the absolute value of χ xy is either larger or smaller than that of isotropic case depending on the sign of δλ. For the case |µ| ≫ λ, Eq. (17) reduces to
denoting that the value of χ xy saturates at large chemical potential with some deviations as compared to the isotropic case. Note that the above results are obtained for the case λ > δλ. On the other hand, in the opposite case, i.e., λ < δλ, the overall sign will be changed. However, even up to second order in δλ, χ yy vanishes, therefore, we leave it for more detailed investigations with numerical calculations. Now, taking into account the band inversion discussed above we should numerically calculate the current-induced spin polarization in the x and y directions. In Fig. 4 , the spin susceptibility χ xy is shown as a function of chemical potential for different values λ 1 with λ 2 = 1.8 × 10 −2 . One can see that χ xy increases in magnitude with increasing µ until reaches a maximum then with further increases the chemical potential it slightly decreases and finally saturates. In the inset panel, a close view around the Dirac point is shown. At such energy range, for unequal values of λ 1 and λ 2 , χ xy behaves non-linearly, whereas, for λ 1 = λ 2 , it changes linearly. Note also that there is the same behavior for χ xy versus µ for different values of λ 2 and fixed value of λ 1 which is not shown.
In order to clarify that the above-described behaviors belong to which energy range, we illustrate the density plot of χ xy as functions of µ and λ 1(2) for λ 2(1) = 10 Within the energies between the Lifshitz points of conduction and valance bands, i.e., −E L < µ < E L , the absolute value of χ xy increases non-linearly, while outside of this energy range the spin susceptibility reveals the same behavior as the isotropic Rashba coupling case. The non-linear dependence of χ xy on chemical potential within the Lifshitz points is a result of low available spin state in such energies contributing to the scattering process (see Fig. 2(a) ). Accordingly the spin susceptibility becomes weaker than that of isotropic case. For large k more states are available such that beyond the Lifshitz points, the effect of band anisotropy is less dominant and available states become considerable. Subsequently, the results are consistent with those of isotropic case. Figure 5 (c) [5(d) ] illustrates the dependence of χ xy on λ 1 (λ 2 ) for different values of λ 2 (λ 1 ) with µ = 2 × 10 −2 . From Fig. 5(c) one can see that for λ 2 > 0 (λ 2 < 0), χ xy is positive (negative). However, the values of χ xy are the same for both positive and negative values of λ 1 as shown in Fig. 5(d) . Furthermore, in both Figs. 5(c) and 5(d), χ xy increases in magnitude with increasing the absolute value of Rashba parameters and after passing a maximum decreases such that it finally tends to vanish. As a result, if the anisotropy of Rashba coupling becomes large enough, then spin polarization perpendicular to the current direction would be suppressed. In Figs. 6(a) and 6(b), the density plots of χ yy are shown versus chemical potential and Rashba parameters. In both figures, for energies lying within Lifshitz points, i.e., states between dashed lines, if |λ 1 | > |λ 2 |, χ yy changes its sign abruptly at µ = 0 and it can reach largest magnitude as a function of µ. The latter is due to the different orientation of band inversion when changing Rashba parameters from |λ 1 | > |λ 2 | to |λ 1 | < |λ 2 |, as discussed above, with respect to the current direction. Therefore, asymmetric relaxation processes would be considerable for the y component of spin when band inversion is perpendicular to the current direction. On the other hand, for the case where the band inversion is parallel with the current direction, χ yy vanishes. Moreover, at a given energy level outside the Lifshitz points while the values of χ yy change sharply versus λ 1 , see Fig. 6(a) , the values of such quantity change smoothly versus λ 2 , see Fig. 6(b) , around the origin. Furthermore, from both figures one can see that χ yy is asymmetric as functions of λ 1 and µ but symmetric versus λ 2 . Figure  6 (c) illustrates χ yy as function of λ 1 for different values of λ 2 with µ = 2 × 10 −2 . As λ 2 increases in magnitude, the abrupt sign change of χ yy around origin at first becomes pronounced and then it smears out. Moreover, away from the origin, χ yy decreases in magnitude with increasing |λ 2 |. As shown in Fig. 6(d) , χ yy is increased for small absolute values of λ 2 by increasing λ 1 , while for large absolute values of λ 2 , since χ yy tends to vanish, the change of values of λ 1 is almost always insignificant.
Comparing density plots of Figs. 5 and 6, one can find that although the values of χ yy usually are some order of magnitudes smaller than those of χ xy in the most region of space of parameters, but within Lifshitz points for |λ 1 | ≫ |λ 2 |, the values of χ xy diminish so that χ yy becomes dominant. However, interestingly, for |λ 1 | ≪ |λ 2 | within Lifshitz points both types of spin polarizations, i.e., χ xy and χ yy , vanish. As a result, remarkably, both of the magnitude and direction of spin polarization are tunable by the Rashba parameters in the present case.
Vertex correction
The goal of this section is to examine the effects of graphene's disorder [75, 78] on current-induced spin polarization in the presence of anisotropic Rashba spin-orbit interaction. It is well-known that the effect of impurities can be taken into account by renormalizing defect-free system via self-energy as well as spin-vertex function. The effect of self-energy is discussed above. The spin-vertex functionS α can be obtained by iteration through Eq. (10). But, since the considered impurities have pointlike feature, we can decompose the spin-vertex function with the aid of Pauli matrices acting on the spin space [66] as
Here, the unknown coefficients a α , b α , c α and d α for α = x, y, z may be easily obtained by using the procedure described in Ref. [66] . We only notice that for our model d's vanish identically and c's have no significant contribution to the polarization of current which will be disregarded in what follows. Therefore, the non-zero coefficients are given by,
Here, the expressions for f x (µ, Γ) and f y (µ, Γ) are a little lengthy even by retaining their terms up to leading-order in Γ, we therefore refrain from expressing them explicitly. Consequently, a certain in-plane spin state will be scattered on nonmagnetic impurities so that the two components of spin polarization will be modified by different numerical factors. The evaluated coefficients a x and b y are illustrated in Fig. 7 . From Fig. 7 (a) we see that a x increases and then decreases as λ 1 increases. Whereas for a given λ 1 with increasing λ 2 , the value of a x decreases and then increases except for values of λ 1 around the origin. For b y , as shown in Fig. 7 (b) , the behavior is reversed as compared to the case a x . Since the modification of x and y components of spin vertex function is different in the presence of anisotropic spin-orbit coupling, therefore, interestingly, scattering from non-magnetic impurities leads to directional dependence of the resulting spin states and the spin polarization. 
Summary and final comments
In summary, we demonstrated the electrically-induced spin polarization of carriers in the presence of anisotropic Rashba spin-orbit coupling in a disordered graphene layer. The Green's function method along with the linear response theory are used to calculate the magnitude and direction of the current-induced spin polarization. We showed analytically and numerically that spin polarization can have in-plane components along and perpendicular to the electric current orientation. While in the case of isotropic Rashba spin-orbit coupling, the dependence of perpendicular component of spin polarization on Fermi energy around the Dirac point is linear, anisotropic Rashba spin-orbit coupling gives rise to the non-linear dependence of spin polarization. This behavior takes place at the range of energies which is within the Lifshitz points of the conduction and valance bands. Furthermore, we argued that anisotropic Rashba parameters have the characteristic feature providing a new way to control spin-polarized current. This property allows for the manipulation of magnitudes and subsequently directions of both spin polarization components. With the inclusion of spin-vertex correction owing to scattering on non-magnetic impurities, we elucidated that both components of the current-induced spin polarization will be modified by numerical factors. These factors are significantly different which this is simply reflecting the fact that Rashba spin-orbit coupling has different weights in different spin directions. Rashba anisotropy would be induced by either a dilute number of adatoms or intercalated superlattices [72] underneath graphene so that the charge-carrier mobility properties and lattice structure of graphene itself are not strongly affected. Due to band hybridization of the intercalated island or large clusters with graphene, their relative structural arrangement can reduce the symmetry of graphene from the hexagonal symmetry. Such hybridization can transfer the spin-orbit interaction within the cluster bands to graphene bands resulting in non-abelian spin-dependent gauge potential [72] . This gauge potential can be translated into Rashba spin-orbit coupling with different weight. Also, the strength of proximity-induced spin-orbit coupling was experimentally estimated ranging from several meV to a few tens of meV depending on material used for adatoms or clusters [20, 72] .
As previously discussed, Rashba anisotropy results in the anisotropic shape of the Fermi contours. Therefore, one may expect that the anisotropic Fermi surface would be responsible for anisotropic charge and heat transport as well as optical conductivity with nontrivial behavior through anisotropic Rashba region. Such effects, however, are of particular interest to investigate and require a detailed analysis in separate papers. For experimental realization of spin polarization several techniques have been developed using magneto-optical Kerr effect [48, 50] , circularly polarized luminescence [49] , and appropriate spin-sensitive electric probes [56] . In the latter case, using ferromagnetic tunnel barrier surface contacts with different magnetization directions enables one to probe the current spin polarization manifesting itself as a voltage on the ferromagnetic contact. The voltage measured depends on the projection of the spin polarization onto the contact magnetization. The magnetization direction of the ferromagnetic metal can be adjusted by applying a small in-plane magnetic field. Therefore, the possible predicated current-induced spin polarization in the present study can be determined by voltage measurements of ferromagnetic contact that can be magnetized in various orientations.
We should note that an effective low energy Hamiltonian and dc electric field have been used throughout this paper. Therefore, our results would be valid only at low chemical potentials and negligible electric field variation. For high doping and high frequency electric field, full band structure of the material and dynamical spin susceptibility should be taken into account, respectively. Furthermore, external electric field is regarded as a weak perturbation to the system so that our considerations become reliable in the linear response regime.
